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' I present two disparate examples of isospin violation in hadronic B-decays. In the 

first, the presence of p°-u> mixing in the decay — > p^ 1 p°(uj) — > p^ir + n~ permits 
, the extraction of sgn(sina), where a is the usual angle of the unitarity triangle, 

■ with minimal hadronic uncertainty. In the second, the presence of TT°-n, n' mixing 

^ ' can obscure the extraction of sin 2a from an isospin analysis in B — > irn decays. 

r***" ' 1 Introduction 

ON , In the standard model, CP violation is characterized by a single phase in the 

Cabibbo-Kobayashi-Maskawa (CKM) matrix, rendering its elements complex. 
The CKM matrix of the standard model is unitary, so that determining whether 
or not this is empirically so is a central test of the standard model's veracitylj. 
Thus, determining whether the angles of the unitarity triangle, a, j3, and 7, 
empirically sum to 7r and whether its angles are compatible with the measured 
lengths of its sides lie at the heart of these tests of the standard model. 

CP-violating effects in hadronic B-decays will play a crucial role in the 
determination of a, (3, and 7, and many clever methods have been devised 
to ejfflde the uncertainties the strong interaction would weigh on their extrac- 
tion^. Irrespective of the efficacy of these methods, discrete ambiguities in the 
jjj ■ angles remain, for experiments in the neutral B sector which-would measure 

an unitarity triangle angle, </>, determine sin 20 and not </> itselfH. Nevertheless, 
removing discrete ambiguities is important, for standard model unitarity re- 
quires merely a + f3 + 7 = tt, mod 2n. Determining the precise equality yields 
another standard model test, for consistency with the measured value of e and 
the computed Bx parameter suggest that it ought be ttu. 

The isospin-violating effects to be discussed here impact the extraction 
of a, where a = arg[— V t dV t * b / (V u dV* b )] and Vy is an element of the CKM 
matrix □. The first exploits isospin violation to extract sgn(sina) from the 
rate asymmetry in n -^± p^p°(uj) — > p^7r + 7r _ , where denotes the 



p -lu interference regiontrEl, with minimal hadronic uncertainty, removing the 



a To appear in the proceedings of the Workshop on CP Violation, Adelaide, Australia, July 
3-8 1998. 
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mod (71") ambiguity in a consequent to a sin 2a measurement. An asymmetry 
emerges only if both a_weak and strong phase difference exists between two 
interfering amplitudes 0. The strong phase difference is typically small and 
uncertain, yet in the decay B T — > p T p°(ui) — > p T 7r + 7r~ , thiLpresence of the u> 
resonance not only enhances the asymmetry to some 20%Ln3 but also permits 
the determination of the strong phase from e + e~^ 7r + 7r~ data for -k + tt~ 
invariant masses in the vicinity of the uj resonanceB. 

The second topic concerns the impact of isospin violation on the extraction 
of sin 2a from an isospin analysis in B — > irir decays u. Isospin is broken not 
only by electroweak effects but also by the u and d quark mass difference. 
The latter drives n° — 77,77' mixing which, in turn, generates an amplitude 
in B — > 7T7T not included in the isospin analysip,|Xhup, although the effect of 
electroweak penguins is estimated to be small when all the effects of 

isospin violation are included, the error in the extracted value of sin 2a can be 
significant £3. 

2 p°-uj Mixing and CP Violation in B T -> p T p°{uj) -> p t tt + tt^ 

Here we consider the extraction of sgn(sin.a) fromi?^ — * p^p {uS) — ► p^tt + tt^ , 
as proposed by Enomoto and TanabashiB. In this channel, the rate asymme- 
try, which is CP- violating, is also isospin forbidden. If isospin were a perfect 
symmetry, then the Bose symmetry of the J = p^p° final state would force it 
to have isospin 1 = 2. The strong penguin amplitude is also purely AJ = 1/2, 
so that no CP violation is possible in this limit. If isospin violating effects are 
included, however, two effects occur. The penguin operators then possess both 
AI = 1/2 and A/ = 3/2 character; the latter are generated by electroweak 
penguin operators and by the isospin-violating effects which distinguish the 
p ± from the p° . Yet isospin violation also generates p°-u> mixing, ^o that a 
1=1 final state is also possible. In our detailed numerical estimatesB, we find 
that the strong phase in the p -u) interference region is driven by p°-u> mixing. 
The sign and magnitude of p°-u mixing is fixed by e + e~ — * 7r + 7r~ dataEjtJ, 
so that we are able to interpret direct CP violation in this channel to extract 
sgn(sina). 

Resonances can play a strategic role in direct CP violation, for their mass 
and width can be used to constrain the strong phase_and their interference 
can significantly enhance the CP-violating asymmetry E30. To see how these 
effects are realized here, consider the amplitude A for B~ — > p~tt + ti~ decay: 
A = (tt + it~p~ \H. t \B~) + (tt + tt~ p~\H F \B~), where A is given by the sum of 
the amplitudes corresponding to the tree and penguin diagrams, respectively. 
Defining the strong phase 5, the weak phase <fi, and the magnitude r via A = 
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{it+K- p-\H T \B-)[l + re lS e^] the CP-violating asymmetry Aqp is 

_ \A\ 2 - \A\ 2 _ -2rsinjsin0 
^ = |A| 2 + |A| 2 ~ l + 2rcos(5cos(/ ) + r 2 ' ^ ' 

where <j> is — aS. To express S in terms of the resonance parameters, let ty 
be the tree amplitude and py be the penguin amplitude to produce a vector 
meson V. Thus, the tree and penguin amplitudes become 

(n + n-p-\H T \B-) = -^-U pu t u + ^-t p , (2) 

SpSu Sp 

{ir+K-p- \H P \B-) = -^U puPu + % p , (3) 

SpSuj Sp 

where we have introduced H pu , the effective p°-uj mixing matrix element 111; 
g p , the p a — > ir + ir~ coupling; l/sy, the vector meson propagator, with sy — 
s — my + imvTv; and s, the square of the invariant mass of the tt + tt~ pair. 
Using 

iS icj> _ (7T+n-p-\H p \B-) 

(ir+7r-p-\H T \B-) [ ' 

= r ' e i(s g +^ t hi = 5e «« , — = fie"' , (5) 

tp Puj 

one finds, to leading order in isospin violation, 

{n pw + Pe^ (s u - B^ae**) } . (6) 



andt 



id r'e lS « 
re = 



A J = 0, I = 1 p p° final state is forbidden by Bose symmetry if isospin is per- 
fect, so that j3 is non-zero only if electroweak penguin contributions and isospin 
violation in the p ± r and p° hadronic form factors are included. Numerically, 
\Tl P u,\/(m u T u ) > fm. Thus, as s ™> m 2 , 

r£lS ^ r_^n^ 

so that 5 — ► d q — ir/2 and r — * r , Tlp U) /m U) T u in this limit. The asymmetry 
is thus determined by the resonance parameters H p ^, m u , and T w ; the weak 
phase (f>; and the "short distance" parameters r' and S q . The latter are calcu- 
lable within the context of the operator product expansion if the factorization 
approximation is applied, though a ratio of hadronic form factors enters as 



q (MeV) 



Figure 1: The CP- violating asymmetry, Eq. [gj, in percent, plotted versus the invariant mass 
q of the Tr+n~ pair in MeV for [N c , fc 2 /m 2 ]. The asymmetries with U pul = -3500 MeV 2 
and e = -0.005 are shown for [2, 0.5] (solid line), [3, 0.5] (long-dashed), [2, 0.3] (dashed), 
and [3, 0.3] (dot-dashed). 

well. Here that ratio is modified from unity only by isospin-violating effects 
which distinguish the from the p°; its deviation from unity is no greater 
than 1%El The presence of p°-oj mixing implies that the asymmetry as s — * 
depends on cosS q , not sin# ? , so that its magnitude is insensitive to the value of 
the small parameter S q . The asymmetry for various N c and /c 2 , where k is the 
momentum of the virtual boson, as a function of s is shown in_Fig. 1, where 
we have used the effective Hamiltonian of Deshpande and HeE3, in QCD_to 
next-to-leading logarithmic (NLL) order, in the factorization approximation!!!]. 



To extract the sign of sin a, note that for s 



we have 



r sin S : 



n„ 



[{s- ml,) sin 8 q - m^T^ cos 5 q ] 



(8) 



the sign of sin£ at s = m 2 is that of — TL pLO cos 5 q . The sign and magnitude 
of IVpuj is determined from a fit toJthe time-like pion form factor, F % (s), as 
measured in e + e~ — * tt + tt~ , where t5 



F„(a) = F p (s) 



1 + 



iWa) 



3s 



(9) 



Fitting e+e- -> tt+tt" data we find W puJ = -3500 ± 300 MeV 2 0. The error is 
statistical only; the value of T\ puj is insensitive to the theoretical ambiguities in 



the p parametrization, Fp^E!. Finally, then, the determination of sgn(sina) 
relies on that of sgn(coS(5 g ). The latter cannot be determined without addi- 
tional theoretical input; however, it is worth noting that, in our computations 
in the factorization approximation, cos S q < for all N c and k 2 B. The situ- 
ation, finally, is not dissimilar from that of the determination of sgn(sin 2a) 
in neutral B decays to CELeigenstates, for fixing the sign of sin 2a requires 
that of the parameter -Belial Nevertheless, the computation of cos5 q can be 
tested through the measurement of the "skew" of the asymmetry in Eqs. (|j) 
and (||) from a Breit-Wigner shape, noting Fig. 1. Indeed, the shape_of the 
asymmetry yields tanS q and thus offers a sensitive test of factorization This 
is possible as other effects which would skew the asymmetry are smaller still. 
For example, we have assumed H puJ to be both real and s- independent, yet 
if we include these effects in our fits to e + e _ — > tt + t:~ data, the phase and 
s-dependence of n pw in the p°-u> interference region are statistically consistent 
with zero 113 and, moreover, do not mar our interpretation of the skewEl. 

In summary, the rate asymmetry in B^ — > j o =F p°(w) — > p^t: + t{~ is. large 
and robust with respect to the known strong interaction uncertainties E2I. The 
presence of isospin violation in this decay permits the determination of sgn( 
sin a) once the sign of cos S q is known, noting | cos S q \ ~ 0(1). The latter can be 
calculated, yet the shape of the asymmetry yields a direct test of the suitability 
of our estimate, tan S q can also be extracted from a comparison_with the decay 
B ± — > p ± uj — > ( o ± 7T + 7r°7r _ ; here the asymmetry goes as sin Ell. The sign of 
sin a can be thus extracted with minimal hadronic uncertainty, removing the 
mod(7r) ambiguity in a consequent to a sin 2a measurement. 

3 7r°-?7, if Mixing in B — ► tttt Decays 

To review the isospin analysis in B — > tttt decays, due. to Gronau and Londoni, 
let us consider the time-dependent asymmetry A(t) □: 

* )= ra- |Am ' ) -TO) i(4 ™'>' (10) 

where r, cp = (V£V u IV a V; d )(A,„JA Iar ) s e -^..^L, A lcp s A(B° -, 

fcp), an d Am = Bh — Bl- Denoting the amplitudes B + — > tt + tt°, B° — > tt°tt°, 
and B° —> tt + tt~ by A +a , A 00 , and A A , respectivelsz. and introducing Aj to 
denote an amplitude of final-state isospin /, we haveH 

±A+-=A 2 -A ;A oa = 2A 2 + A Q -^=A+ ^3A 2 , (11) 

where analogous relations exist for A~°, A°° , and A + in terms of Ai and 
Aq. If isospin is perfect, the Bose symmetry of the J = tttt state permits 
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amplitudes of I = 0, 2, so that the amplitude B ± — > Tr^ is purely 1 = 2. 
Moreover, the strong penguin contributions are of A7 = 1/2 character, so that 
they cannot contribute to the 1 = 2 amplitude and no CP violation is possible 
in the n^ir final states. This is identical to the situation in B^ — > p ± p°. The 
penguin contribution in B° — > 7r + 7r~, or in £> — » 7r + 7r _ , can then be isolated 
and removed by determining the relative magnitude and phase of the / = to 
1 = 2 amplitudes. We have 

(A a - A ) ~ (1 - z) ' 1 J 

where z(z) = A /A 2 (A /A 2 ) and A 2 /A 2 = exp(-2i0 t )_with (p t = a,rg(V ud V* b ) 
and 4> m + 4>t = /? + 7 = 7r — a in the standard model □. Given | A H |, |^4 00 |, 
|^4 +0 |, and their charge conjugates, the measurement of lmr„+„- determines 
sin 2a, modulo discrete ambiguities in arg((l — 2)/(l — z)). The latter can be 
removed via a measurement of Imrvo^o as well!. 

We examine the manner in which isospin-violating effects impact this ex- 
traction of sin 2a, for isospin is broken not only by electroweak effects but 
also by the u and d quark mass difference. Both sources of isospin viola- 
tion generate A/ n = 3/2 penguin contributions, but the latter also generates 



amplitude. Although electroweak pen- 
tier isospin-violating effects, such as 



7T° — rj, rf mixing B, admitting a: 
guins are estimated to be small 
7r°-77, 77' mixing, can also be important!: 

To include the effects of 7r°-?7, 77' mixing, we write the pion mass eigenstate 
\n°) in terms of the SU(3)f perfect states |</> 3 ) = \uu — dd)/y/2, \4>s) = \uu + 
dd — 2ssi/v / 6, and \(f>o) — \ u u + dd + ss)/\/3- To leading order in isospin 
violation El 

K°) = |0 3 ) +e(cos% 8 ) -sin0|0 o )) + e'(sin0|0 8 ) +cos0|0 o » , (13) 

where \rj) = cos 6»|^ 8 ) -sin6»|0 o ) +0(e), and \?f) = sin 9\(f) 8 ) + cos 9\(f> ) + O(e'), 
Expanding QCD to leading order in 1/N C , momenta, and quark masses and 
diagonalizing the quadratic terms in </>3, 08, and (f>o of the resulting effective La- 
grangian determines the mass eigenstates 7r°, 77, and 77' and yields e = £oxcos# 
and e' = — 2eoXsin0, where \ = 1 + {Am? K — 3m 2 — m^)/{ml — to 2 .) Rj 1.23, 
X = 1/x, £0 = V3(m d - m u )/(4(m s - to)), and to = (m u + m d )/2%. Thus the 
magnitude of isospin breaking is controlled by the SU(3)-breaking parameter 
m s — rh. The 77-77' mixing angle 9 is found to be sin 29 = — (4v2/3)(m^- — 
to 2 )/(to 2 / — m 2 ) » — 22° El. The resulting e = 1.14eo is comparable to the 1 



loop-order chiral perturbation theopy. result of e = 1.23eo in tj — > n + ir 7t E3eI. 
Using mq(fi = 2.5 GeV) of Ali et alM, we find e = 1.4-1CT 2 and e' = 7.7- 1CT 3 . 
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Figure 2: Reduced amplitudes in B — » 7T7t in the factorization approximation with [N c , 
k 2 lm\\ for a) [2,0.5], b) [3, 0.5] (solid line) and [3, 0.3] (dashed line), and c) [oo,0.5]. 

In the presence of isospin-violating effects, the B — > rnr amplitudes become 

A' = (rr-folH^lB-) + <£ 8 |tt eff |£r) + e (n- 4> \H cS \B-) (14) 

A°° = (fofolH^lB ) + 2e & {HMn cS \B°) + 2 £o (0 3 c6o|H cff \B°) , (15) 

where e$ = e cos 6 + e' sin f? and £o = e' cos — £ sin The £> — ► 7T7r amplitudes 
satisfy 

+23°° - a/2A-° = 4e 8 (^ 8 \n cS \B°) + 4s {Mn cS \B°) 

- V2e 8 <7r-c6 8 |H cff |B-) - ^(tt-^oIW^IB-) , (16) 

and thus the triangle relation implied by Eq. [n] becomes a quadrilateral. We 
ignore the small mass differences m n ± — m^o and m B ± — tubo ■ 

We proceed by computing the individual amplitudes using the AB = I 
effective Hamiltonian resulting from the operator product expansion in QCD 
in NLL ordercj, using the factorization approximation for the hadronic matrix 
elements. In this context, we can then apply the isospin analysis delineated 
above to infer sin 2a and thus estimate its theoretical systematic error, in- 
curred through the neglect of isospin violating effects. Numerical results for 
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Table 1: Strong phases and inferred values of sin 2a El from amplitudes in the factorization 
approximation with N c and k 2 /m 2 = 0.5. The strong phase 2<5t ruo is the opening angle 

between the Ar^ and Ar + ~ amplitudes in Fig. 1, whereas 25ql is the strong phase asso- 
ciated with the closest matching sin 2a values, denoted (sin 2«)ql, from Imr Jr + 7r - /Iniifcp^o , 
respectively. The bounds |2<5gqi| and |25gqii| on 2<5true from Eq c | , ij i lp rand 2.15 of Ref.£j are 
also shown. All angles are in degrees. We input a) sin 2a = 0.0432EirEj'E3, b) sin 2a = —0.233 
(p = 0.2, r/ = 0.35)E3, and c) sin 2a = 0.959 (p = -0.12). 



case 


N c 


2<5truc 


|2fcqi| 


|2<5gqii| 


|2<5 G l| 


(sin 2a) G L 


a 


2 


24.4 


26.1 


15.8 


16.6 


-0.0900/-0.0221 


a 


3 


24.2 


16.9 


16.1 


16.2 


-0.0926/0.107 


a 


00 


23.8 


59.4 


25.1 


23.6 


0.0451/0.394 


b 


2 


19.6 


23.4 


12.1 


12.9 


-0.343/-0.251 


b 


3 


19.4 


13.5 


12.9 


13.0 


-0.719/-0.855(*) 


b 


00 


19.2 


59.9 


23.6 


0.76 


-0.550/-0.814(*,t) 


c 


2 


28.3 


36.5 


20.4 


21.0 


0.917/0.915 


c 


3 


28.0 


24.0 


19.1 


19.0 


0.905/0.952 


c 


00 


28.3 


36.5 


20.4 


21.0 


0.917/0.915 



* The matching procedure fails to choose a sin 2a which is as close to the input value as 
possible. 

' The discrete ambiguity in the strong phase is resolved wrongly. 

the reduced amplitudes Ar and Ar, where A R ° = 2y4°° /{{Gp/ V2)iV u bV* d ), 

Af = A + -/((G F /V2W ub V; d ), and A R ° = V2A~° /((G F /V2)iV ub V: d ), 
with N c — 2, 3, oo and k 2 jm\ = 0.3, 0.5 are shown in Fig. 2. A^° and A R ° are 
broken into tree and penguin contributions, so that = T„+^ 3 + P,+ T o and 
A^° = + Ptt-ttO, where P w ± ff o is defined to include the isospin-violating 

tree contribution in ^4^° as well. The shortest side in each polygon is the 
vector defined by the RHS of Eq. |l6|. The values of sin 2a extracted from the 
computed amplitudes with N c and k 2 /m 2 = 0.5 are shown in Table 1 — the 
results for k 2 /m 2 = 0.3 are similar and have been omitted. In the presence of 

7r°-?7, r/' mixing, the A^ , A R ° , and A R ° amplitudes obey a quadrilateral rela- 
tion as per Eq. [l6|. Consequently, the values of sin 2a extracted from Imr 7r + 7r - 
and ImrTrO^o can not only differ markedly from the value of sin 2a input but 
also need not match. The incurred error in sin 2a increases as the value to 
be extracted decreases; the structure of Eq. |l2| suggests this, for as sin 2a 
decreases the quantity Im((l — "z)/(l — z)) becomes more important to deter- 
mining the extracted value. It is useful to constrast the impact of the various 
isospin-violating effects. The presence of AI = 3/2 penguin contributions, be 
they from m u ^ ma or electroweak effects, shift the extracted value of sin 2a 
from its input value, yet the "matching" of the sin 2a values in Imr 7r + 7r - and 
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Imrvo^o is unaffected. The mismatch troubles seen in Table 1 are driven by 
7r°-?7, 7/ mixing, though the latter shifts the values of sin 2a in lmr n + n - as well. 
Picking the closest matching values of sin 2a in the two final states also picks 
the solutions closest to the input value; the exceptions are noted in Table 1. If 
\A 00 \ and are small! the complete isospin analysis may not be possible, so 
that we alsp_examine the utility of the bounds recently proposed by Grossman 
and QuinntJ on the strong phase 2S tr uc ^-Sjrg((l — z)/(l — z)) of Eq. [l^. The 
bounds 2(5qqi and 2i5gqii given by their c3 Eqs. 2.12 and 2.15, respectively, 
follow from Eq. [ll], and thus can be broken by isospin-violating effects. As 
shown in Table 1, the bounds typically are broken, and their efficacy does not 
improve as the value of sin 2a to be reconstructed grows large. 

To conclude, we have considered the role of isospin violation in B — ► nn 
decays and have found the effects to be significant. Most particularly, the util- 
ity of the isospin analysis in determining sin 2a strongly depends on the value 
to be reconstructed. The error in sin 2a from a Imr^+ 7V - measurement can be 
50% r»r ninrp for the small values of sin 2a currently favored by phenomenol- 
ogy O'ESEZrEa; however, if sin 2a were near unity, the error would decrease to 
less than 10%. The effects found arise in part because the penguin contribution 
in B° -> ir+ir-, e.g., is itself small; we estimate \P\/\T\ < 9%\V tb V t * d \/\V ub V* d \. 
Relative to this scale, the impact of tt°-t], rj mixing is significant. Yet, were 
the penguin contributions in B — ► ttit larger, the isospin-violating effects con- 
sidered would still be germane, for not only would the AI = 3/2 penguin 
contributions likely be larger but the B — > nr] and B — ► nrj' contributions 
could also be larger as wellcJ. To conclude, we have shown that the presence 
of 7r -?7, 77' mixing breaks the triangle relationship, Eq. [ll], usually assumed □ 
and can mask the true value of sin 2a. 
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